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A Common Characterization of Finite Projective 
Spaces and Affine Planes 
ALBRECHT BEUTELSPACHER AND ANNE DELANDTSHEER 
Let S be a finite linear space for which there is a non-negative integers such that for any two 
disjoint lines L, L' of S and any point p outside L and L' there are exactly s lines through p 
intersecting the two lines Land L'. We prove that one of the following possibilities occurs: 
(i) S is a generalized projective space, and if the dimension of S is at least 4, then any line 
of S has exactly two points. 
(ii) Sis an affine plane, an affine plane with one improper point, or a punctured projective plane. 
(iii) S is the Fano-quasi-plane. 
1. INTRODUCTION 
A linear space is an incidence structure S consisting of a set PfJ of points and a set 2 
of distinguished subsets of PfJ called lines such that any line contains at least two points 
and for any two distinct points there is exactly one line passing through these points. 
The linear space S is called finite, if S has only a finite number of points. Classical 
examples of linear spaces are projective and affine spaces. 
A 3-dimensional projective space has the following property: for any two disjoint 
(hence skew) lines L, L' and any point p outside L and L', there is exactly one line 
through p intersecting L and L'. Any finite affine plane of order n has a similar property: 
for any two disjoint (hence parallel) lines L, L' and any point p outside L and L', there 
are exactly n lines through p intersecting the two lines L and L'. 
In view of these examples, it is natural to look for those linear spaces S satisfying the 
following condition: 
(*) There is a non-negative integers such that for any two disjoint lines L, L' of S and 
any point p outside L and L' there are exactly s lines through p intersecting the 
two lines L and L'. 
In this paper we shall characterize all finite linear spaces having property(*). Before 
we state our Theorem, let us consider a few more examples. 
(a) If we remove from a projective plane P a point p, we get a punctured projective 
plane P- p. (If P has order n, then P- p satisfies (*) with s = n.) 
(b) Let A be an affine plane and denote by II a distinguished parallel class of A. We 
introduce one improper point oo incident with any line in II, but with no other 
line. The so-defined incidence structure A.II is called an affine plane with one 
improperpoint. (If A has order n, then in A.II the condition (*) is fulfilled with s = n.) 
(c) The linear space obtained from a projective plane of order two by "breaking" 
one of its lines into three lines of size 2 is called the Fano-quasi-plane. (Obviously, 
the Fano-quasi-plane satisfies(*) with s = 2.) 
Finally, recall that a generalized projective space is a linear space having the following 
property: for every pair of lines L and L' intersecting in a point p, any two lines not 
passing through p and intersecting each of the lines L and L' intersect (Veblen-Young 
axiom). 
Now we can formulate our theorem. 
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THEOREM. LetS be a finite linear space satisfying the condition (*). Then one of the 
following possibilities occurs: 
(i) Sis a generalized projective space, and if the dimension of Sis at least 4, then any 
line of S has exactly two points. 
(ii) S is an affine plane, an affine plane with one improper point, or a punctured projective 
plane. 
(iii) S is the Fano-quasi-plane. 
The proof is divided into two main parts: in Section 2 we consider some regularity 
conditions, while in Section 3 we handle the case in which S contains a line intersecting 
all other lines. 
2. REGULARITY CONDITIONS 
Throughout this paper we denote by S a linear space with point-set [ifJ satisfying 
condition ( *). 
PROPOSITION 1. If s,;;; 1, then Sis a generalized projective space of dimension d. If 
d;;;;. 4, then any line of S has exactly two points. 
PROOF. First we show that S satisfies the Veblen-Young axiom. Let G and G' be 
two distinct lines intersecting at a point p and denote by L and L' two lines intersecting 
G and G' such that neither L nor L' passes through p. If L and L' were disjoint, we would 
have at least two lines through p intersecting L and L': a contradiction. So, L and L' 
have a point in common. Hence S is a generalized projective space of dimension d. 
Suppose d;;;;. 4. Assume that there exists a line L with at least three distinct points Pt. 
qt. q2. There exist two disjoint lines Lt and L2 through q1 and q2, respectively. This 
implies s = 1. On the other hand, since d;;;;. 4, there exists a line L' disjoint from L and 
a point p outside the 3-dimensional subspace generated by L and L'. Clearly, there is 
no line through p intersecting Land L'. Hence s = 0: a contradiction. 
Note that Proposition 1 is also valid for infinite linear spaces. But from now on, we 
suppose that S has only a finite number v of points. Moreover, by Proposition 1, we 
may assume that s is at least 2, that there exist two disjoint lines inS and that for any 
two disjoint lines there is a point outside them. 
If p is a point of S, we denote by [p] the number of lines through p; [p] is called the 
degree of p. Similarly, the degree of a line L is defined as the number ILl of points on 
L. A line of degree n will also be called an n -line. 
First we consider the situation in which all lines of S have the same degree. 
PROPOSITION 2. If all lines of S have degree n, then S is an affine plane of order n. 
PRoOF. Denote by L and L' two disjoint lines of S. Counting in two ways the number 
of incident point-line pairs (p, G) with peL u L' and L n G"' 0 "'L'n G, we get 
(v -2n)s = n 2(n -2), 
that is 
(v -n)s = n(n 2 -2n +s). (1) 
On the other hand, all points of S have the same degree, say r, with 
v -1 = r(n -1), 
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or 
v- n = (r -1)(n -1). (2) 
2Equations (1) and (2) imply together that n -1 is a divisor of n (n - 2n + s ), so n -1 
divides s -1. Using 1 < s ,;;;; n, we conclude that s = n. Therefore v = n 2 and S is an affine 
plane of order n. 
The following lemma is crucial for our purposes. 
LEMMA 1. Any two lines Lt and L 2 disjoint from a given line L have the same degree. 
PROOF. We count in two ways the number of lines intersecting the three lines L, Lt. 
and L 2. If L 1 and L2 are disjoint, we get 
IL1Is = IL2Is. 
If L 1 and L2 have a point in common, we get 
PROPOSITION 3. If S contains two disjoint lines of different degrees, then S is the 
Fano-quasi-plane. 
PROOF. Let X and Y be two disjoint lines of different degrees x andy, respectively. 
We suppose x < y. Thanks to Lemma 1, any line of S intersects X or Y. Therefore, 
through any point p outside X and Y, there are s lines intersecting X and Y, y - s lines 
of degree y disjoint from X and x - s lines of degree x disjoint from Y. In particular, 
any point outside X and Y has degree x + y- s. Since y > x ~ s, we have y > s. 
Step 1. If all lines disjoint from X have a point q in common, then S is the 
Fano-quasi-plane. 
Indeed, through any point not on X or Y there are exactly y - s lines disjoint from 
X; since all these lines pass through q E Y, it follows that y = s + 1. This means conversely 
that any line through q which is incident with a point p ¥ q outside X, is disjoint from 
X. In other words, any line through q intersecting X is a 2-line. But for any 2-line X' 
there exists a line Y' disjoint from X' and a point p' outside X' and Y'. Therefore s ,;;;; 2, 
hence s = 2, y = 3, x = 2. 
Since there are at least two lines through q disjoint from X, any point p ¥ q outside 
X has degree x + y- s = 3. So, any line has at most three points. This implies v.;;;; 7. Now 
the assertion follows easily. 
Now, let us assume that the lines disjoint from X have no point in common. We shall 
get a contradiction in three steps. 
Step 2. There is a positive integer z such that any line intersecting X has degree x 
or z with 
z=1+(v-x)/y (3) 
and 
y=z+(s-1)/(y-s). (4) 
Indeed, since any line disjoint from X has degree y, in our present situation, any point 
outside X has degree x + y - s. So, if we denote by bx the number of lines disjoint from 
X, we have 
bx = (v -x)(y -s)/y. 
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Let Z be a line intersecting X. If Z is not an x-line, then, in view of Lemma 1, any line 
disjoint from X must intersect Z. Hence, 
(IZI-1)(y -s) = bx, or IZI = 1 + (v -x)/y. (5) 
Using Lemma 1 again, we see that any two lines disjoint from X intersect. Counting in 
two ways the number of incident point-line pairs (p, L), where L :1: Y is a line disjoint 
from X and p E Y, we get by (5) 
y(y-s-1)=bx-1 =(z-1)(y-s)-1. 
Step 3. s =x. 
Indeed, assume on the contrary s < x. Then any point outside X is on at least one 
line disjoint from Y. 
We claim that the lines disjoint from Y have no point in common. (Assume that the 
lines disjoint from Y intersect in a point q. Since any point outside X and Y is on 
exactly x- s lines disjoint from Y, we have x = s +1. This implies that any line through 
q and a point of Y is a 2-line. Also, any such line X' is disjoint from at least one line 
disjoint from X. Using our lemma, we get 2 = IX'I = lXI = x, and so s = x -1 = 1, a 
contradiction.) 
As in Step 2 we see that any line intersecting Y has degree y or z' with 
z'=1+(v-y)/x (6) 
and 
x = z' +(s -1)/(x -s)> z'. 
The set of line degrees of S is {x, y, z} ={x, y, z'} with z' < x < y. Therefore z = z', which 
yields together with (3) and (6) 
(v-x)/y=(v-y)/x 
or 
(y -x)(v -y -x) =0. 
Since x :1: y, we would have v = x + y, contradicting the fact that S contains a point 
belonging neither to X nor to Y. 
Step 4. s :1: x. 
Indeed, assume on the contrary s = x. This means that for any line L disjoint from X 
and any point p outside X and L, any line through p intersecting X has a point in 
common withL. In particular, any line Z intersecting X intersects any line disjoint from 
X as well. So, Z has degree z by the argument of Step 2. Therefore, the lines distinct 
from X have degree z or y, according as they intersect X or not. Since any line Z :1: X 
which intersects X has degree z, we get 
(v -x -y)x = (v -x -y)s =xy(z -2). (7) 
Moreover, for any point p on X, 
{[p]-1)(z -1) = v -x. (8) 
Equations (7) and (8) together imply [p] = y + 1. On the other hand, the degree of 
any point q not on X is [q] = y since there is no line disjoint from both X and Y and 
since s =x. 
Next, we claim that there exist two disjoint lines intersecting X. (Assume that 
there were a line, say Z, which intersects X and all lines intersecting X. Counting the 
number of incident point-line pairs (p, L) with pe Xu Y, p E Z and L nX :1: 0 :1: L n Y, 
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we would get 
(z- 2)(s -1) = (x -1)(y -1}, 
that is y = z -1 < z, contradicting (4).) 
Denote by Z and Z' two disjoint lines intersecting X. Lemma 1 states that any line 
L disjoint from Z u Z' has degree z. By (4), z ¥- y, so L intersects X and therefore L 
meets Y. Counting in two ways the number of lines disjoint from Z u Z' yields 
(x -2)(y + 1-2z +x) = (y -2)(y -2z +x), 
hence 
(y- x )(x + y - 2z) = x - 2, 
therefore 
y-xlx-2. 
But (4) implies that 
y-xlx-1, 
so 
y=x+1 
and (4) yields z =2. 
As any line intersecting X has size 2, no line through a point p outside X u Y can 
meet both X and Y, a contradiction. 
By Steps 1, 3 and 4, our Proposition is proved. 
3. PROJECTIVE LINES 
In view of our Propositions 2 and 3, we may suppose from now on that S contains 
lines of different degrees, but that any two disjoint lines have the same degree. 
We call a line projective if it is met by all other lines. 
LEMMA 2. There is at least one projective line in S. 
PROOF. We assume that for any line L of S there is a line disjoint from L. 
Let M be the maximal and m the minimal degree of a line in S. Denote by X, X' 
(resp. Y, Y') two disjoint lines of degree M (resp. m). Some obvious counting yields 
M 2(m- 2) ~ (v- 2M)s (9) 
and 
(v -2m)s ~ m 2(M -2). 
Together 
M 2(m -2)+2s(M -n) ~ m 2(M -2) 
or 
Mm(M -m)+2s(M -m)~2(M2 -m2)=2(M+m)(M -m). 
Dividing by M- m > 0 gives 
Mm+2s~2(M+m), 
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therefore 
O~(M -2)(m -2)=Mm -2(M +m)+4~Mm -2(M +m)+2s ~o. 
Hence m = s = 2, and all the above inequalities are in fact equalities. In particular, 
equality holds in (9), so v = 2M: a contradiction. 
With the following proposition, our Theorem is proved. 
PROPOSITION 4. S is a punctured projective plane or an affine plane with one improper 
point. 
PROOF. By Lemma 2, there exists a projective line G, say of degree N. Let L and 
L' denote two disjoint lines, necessarily of the same degree, say n. Counting in two ways 
the number of incident point-line pairs (p, X) with peL u L', pEG, where X o;f; G is a 
line intersecting L and L', we get 
(N-2)(s-1)=(n-1)2 • (10) 
This implies that all projective lines have the same degree Nand that all non-projective 
lines have the same degree n. 
The proof of Proposition 4 will follow in a series of steps. 
Step 1. There are at least two projective lines in S. 
Indeed, assume that there is only one projective line G in S. Then any line through 
a point q outside G is an n -line and any line different from G through a point p on G 
is a line of degree n as well. Therefore 
[q](n -1) = v -1 =N -1 +([p]-1)(n -1). 
Hence n -1 is a divisor of N -1, and so n -1 and N- 2 are relatively prime. Now (10) 
implies that (n -1)2 divides s -1: a contradiction. 
Step 2. If all projective lines pass through a common point p0 , then S is an affine 
plane with one improper point p0 • 
Indeed, since there is more than one projective line, any point p o;f; p0 has degree N. 
So, through any such point p there is the same number of projective lines; in particular, 
the set of projective lines is precisely the set of lines through p0 • Hence 
v -1 = [p 0 ](N -1). 
On the other hand, if p denotes a point different from p0 , we have 
v -1 = N -1 + ([p ]-1)(n -1) = N -1 + (N -1)(n -1) = (N -1)n. 
Together it follows that p0 is an n -point. 
If Land L' are two disjoint lines, none of them passes through p0 • On the other hand, 
any of then lines through p0 is projective. Therefore s = n. By (10), this implies N = n + 1, 
hence v = n 2 + 1. Consider the incidence structure S - p0 , which consists of all points of 
S, except p0 • We have just seen that S - p0 is a linear space with n 2 points, in which any 
line has exactly n points. Therefore, S- p0 is an affine plane. Then, obviously, S itself 
is an affine plane with one improper point p0 • 
Step 3. Suppose that for any point p of S there is a projective line not through p. 
Then S is a punctured projective plane. 
Indeed, in the pre8ent situation, any point of S has degree N. Let us denote by A the 
total number of projective lines and by a the number of projective lines through a point. 
Clearly, the following equations hold: 
A.N=v.a, (11) 
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v -1 = a(N -1) + (N- a)(n -1) = N(n -1) + a(N- n), (12) 
A-1=N(a-1). (13) 
Equations (11) and (13) imply 
v.a=(N(a-1)+1)N. (14) 
Using (12) we get 
(a(N -n)-(N -1))(a- N) = 0. 
If a = N, S would be a projective plane, hence 
a =(N-1)/(N-n). (15) 
Next, we claim that N = n + 1. In order to prove this, denote by q and r the unique 
non-negative integers with 
N = qn + r and 0 ~ r < n. 
From (15) we deduce that N- n divides n -1. Therefore 
qn +r-n!n -1, 
in particular, 
qn +r- n ~ n - 1, 
which implies q = 1. So r divides n -1. Denote by t the positive integer such that 
rt=n-1. 
From (10) we infer that N- 2 = n + r -2 = r(t + 1) -1 divides (n -1)2 = r2 t 2 • But 
r(t + 1) -1!(r(t + 1) -1)r(t -1) = r 2 t 2 - r 2 - r(t -1), 
therefore 
r(t + 1) -1!r(r + t -1), 
hence 
r(t+1)-1!r+t-1, 
and so r ~ 1. Since rt = n -1 rf 0, it follows that r = 1, i.e. N = n + 1. 
Now (10) implies s = n, (15) yields a = n, and by (14) we have v = n 2 +n. In particular, 
it follows that the n -lines form a "complete parallel class" of S. Introducing one new 
point which is incident precisely with the n -lines of S, it is easy to see that this new 
linear space is a projective plane of order n. Thus S is a punctured projective plane. 
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